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ABSTRACT 


Given  a  set  of  jobs  with  different  release  times, 
execution  times  and  deadlines,  the  problem  of  finding  a 
schedule  on  a  processor  which  minimizes  the  number  of  jobs 
failing  to  meet  their  deadlines  is  discussed.  An  optimal 
preemptive  algorithm  of  time  complexity  0(n2  log  n)  is 
presented  for  two  batches  of  jobs  of  different  release 
times.  A  heuristic  preemptive  algorithm  for  jobs  with 
arbitrary  release  times  is  also  found.  In  addition  it  is 
shown  that  the  problem  is  NP-complete  when  preemption  is  not 
allowed  and,  hence,  is  likely  to  be  computationally 
intractable. 
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CHAPTER  I 

Introduction 

Scheduling  is  the  allocation  of  resources  over  time  to 
perform  a  collection  of  jobs.  General  scheduling  problems 
assume  a  set  of  resources  or  processors  and  a  fixed  system 
of  jobs  which  is  to  be  served  by  these  resources.  Based  on 
prespecified  properties  of  and  constraints  on  the  jobs  and 
resources,  the  general  problem  is  to  find  an  efficient 
algorithm  for  constructing  a  schedule  which  optimizes  or 
tends  to  optimize  some  desired  performance  measures.  Two 
common  measures  are  finishing  time  and  number  of  late  jobs^ 
Finishing  time  is  the  time  by  which  all  the  jobs  are 
completed  if  they  are  executed  according  to  the  schedule. 
Late  lobs  are  jobs  completed  execution  after  their  specified 
deadlines.  Other  common  measures  are  mean  flow  time, 
waiting  time  and  lateness  [4]  but  they  will  not  be  discussed 
in  this  thesis. 

A  schedule  is  an  arrangement  of  the  jobs  to  be  executed 
on  the  processors.  A  preemptive  schedule  is  a  schedule  in 
which  one  may  suspend  the  execution  of  a  job  before  its 
completion  and  resume  its  execution  at  a  later  time.  An  on^ 
time  schedule  is  one  in  which  all  jobs  can  be  completed 
before  their  deadlines.  A  set  of  jobs  is  said  to  be  on-time 


if  there  is  a  schedule  in  which  all  the  jobs  can  be 
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completed  before  their  deadlines.  Release  time  of  a  job  is 
the  time  at  which  the  job  is  released  for  execution.  We 
denote  the  release  time,  deadline  and  execution  time  of  job 
i  by  r  (i)  ,  d(i)  and  t  (i)  respectively. 

Much  effort  has  been  spent  on  the  problem  of 
determining  whether  there  exists  a  schedule  in  which  each 
job  is  completed  before  its  deadline.  Garey  and  Johnson 
[5,6]  have  considered  non-preemptive  scheduling  algorithms 
on  two  processors  for  a  set  of  n  jobs  with  precedence 
constraints.  The  earlier  paper  [5]  describes  an  algorithm 
which  finds  an  on-time  schedule  whenever  one  exists  for  the 
problem  in  which  each  job  has  unit  execution  time  and  zero 
release  time  (i.e.  t(i)=1  and  r(i)=0).  The  algorithm  takes 
either  0(n2)  or  0 (n**log  (7) )  time,  depending  on  whether  or 
not  the  precedence  relation  on  the  jobs  is  given  in 
transitively  closed  form.  They  [6]  further  relax  the 
constraint  on  job  release  times,  allowing  them  to  be 
arbitrary  integers  and  give  an  0(n3)  algorithm  which 
produces  an  on-time  schedule  whenever  one  exists.  Blazewicz 
[3]  generalizes  the  algorithm  [5]  for  the  case  of  arbitrary 
job  execution  times,  allowing  job  preemption.  Recently, 
Simons  [12]  has  developed  an  0 (n2  log  n)  recursive  algorithm 
for  the  problem  in  which  jobs  have  the  same  execution  time 
but  arbitrary  release  times.  It  produces  an  on-time  non- 
preemptive  schedule  on  one  processor  with  the  earliest 
possible  completion  time  whenever  one  exists. 
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The  problems  described  in  the  previous  paragraph  are 
basically  the  problems  of  determining  whether  there  exists  a 
schedule  in  which  each  job  is  completed  before  its  deadline 
and  finding  such  a  schudule  whenever  one  exists.  The 
problem  of  finding  a  schedule  which  minimizes  the  number  of 
late  jobs  for  a  given  set  of  jobs  is  more  practical  and  is 
of  current  interest.  We  call  a  schedule  which  achieves  this 
objective  an  optimal  schedule.  Moore  [10]  has  found  an 
algorithm  for  the  problem  on  one  processor  in  which  each  job 
is  associated  with  an  execution  time  t (i)  ,  a  deadline  d (i) 
and  all  the  jobs  are  released  for  execution  at  the  same  time 
(i.e.  r(i)=0).  Sidney  [11]  further  extends  the  result  to 
include  the  condition  that  there  is  a  subset  of  jobs  which 
must  be  completed  on  time  in  the  schedule.  Both  algorithms 
can  be  implemented  in  0(n  log  n)  time. 

It  is  hoped  that  the  result  can  be  generalized  to  the 
case  in  which  each  job  is  associated  with  one  more  parameter 
r(i),  the  release  time;  i.e.  each  job  can  only  be  executed 
after  it  has  been  released.  However  the  problem  of 
minimizing  the  number  of  late  jobs  is  still  an  open  problem 
even  for  one  processor.  A  particular  case  of  this  has  been 
considered  by  Kise,  Ibaraki  and  Mine  [9].  They  give  an 
0(n2)  non-preempti ve  algorithm  under  the  restrictive 
assumption  that  r[i)  <  r(j)  implies  d(i)  <  d(j). 
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In  this  thesis  we  study  the  problem  of  minimizing  the 
number  of  late  jobs  for  the  case  in  which  each  job  is 
associated  with  an  executing  time  t  (i)  ,  a  deadline  d(i)  and 
a  release  time  rl  or  r2  (i.e.  r(i)  =  rl  or  r2,  r1<r2).  Only 
one  processor  is  considered.  An  0  (n2  log  n)  time  algorithm 
which  produces  an  optimal  schedule  is  found  under  the 
assumption  that  preemption  is  allowed.  The  problem  is  NP- 
complete  (unlikely  to  be  solved  in  polynomial  time)  if 
preemption  is  not  allowed  [Appendix  A]  and,  hence,  is  likely 
to  be  computationally  intractable. 

In  Chapter  II,  we  define  a  necessary  and  sufficient 
condition  for  a  set  of  jobs  to  be  on-time  and  show  some 
properties  of  on-time  subsets  of  jobs.  In  Chapter  III,  we 
present  an  0 (n2  log  n)  algorithm  which  gives  a  preemptive 
schedule  that  minimizes  the  number  of  late  jobs.  We  also 
prove  the  algorithm  is  correct.  In  Chapter  IV,  we  study  the 
particular  case  in  which  the  set  of  jobs  released  at  times 
later  than  the  earliest  release  time  is  on-time  and  find  an 
optimal  algorithm  cf  0  (n  log  n)  time.  We  also  extend  this 
algorithm  to  a  heuristic  algorithm  for  the  problem  with 
arbitrary  release  times.  The  number  of  late  jobs  produced 
by  the  heuristic  algorithm  is  not  more  than  m  times  the 
optimal,  where  m  is  the  number  of  distinct  release  times. 

A  simple  example  of  the  problem  is  given  below. 


1  » 


Consider  a  set  of  4  jobs  with  two  release  times,  0  and  2 


(i.e.  r  (i)  =  rl  or  r2;  r1=0,  r2=2) 


Job 


J1 

J2 

J3 

J  4 

release  time 

r  (i) 

0 

0 

2 

2 

execution  time 

t(i) 

1 

2 

1 

4 

deadline 

d(i) 

1 

4 

3 

6 

The  schedules  shown 

in 

Figures  1 

•  1(a) 

and  1. 

1  (b)  both 

result  in  two 

late  jobs. 

while  the  optimal 

schedul 

e  shown  in 

Figure  1.  1  (c) 

gives  only 

one 

late  job. 

Note  that 

the 

optimal  schedule  in  Figure  1.1(c)  is  a  preemptive  schedule. 
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"T - 

- 1 

i  i 

i 

1 

1 

i  ji  i 

J  2 

|  J3 

1 

J4 

! 

r  i 

1 

1 

1 

t  i 

i 

l 

i 

0  1 

2 

3 

4 

8 

r  1  r2 

(a)  A  schedule  with  late  jobs  {J3,J4} 


Processor 

idle 

I 

i - 1  I  i - 1 - r 

I  I  t  I  I  I 

|  J1  1  |  J3  |  J2  | 

I  I  I  1  I 

I - 1 - L - 1 - L 

0  12  3  5 

r  1  r2 


I 

J  4  | 
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(b)  A  schedule  with  late  jobs  {J2rJ4} 


r - 1 - r - 1 - 6 — i - 

I  1/  /  1  1/  /  \ 

|  J1  j  J  2/ 1  J  3  J  J2/|  J4 

I  1/  /  I  1/  /  I 


I 

I 

I 

j 


0  1  2  3  4  8 

r  1  r2 


(c)  An  optimal  schedule  with  late  job  {J4} 


Figure  1.1  :  Three  Schedules  of  Example  1.1 
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X _ 
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CHAPTER  II 

Properties  of  On-time  Subsets 

In  this  chapter  we  study  the  problem  of  minimizing  the 
number  of  late  jobs  in  scheduling  a  given  set  of  jobs  on  one 
processor;  each  job  is  associated  with  an  execution  time 
t(i),  a  deadline  d  (i)  and  a  release  time  either  rl  or  r2  (rl 

<  r2)  •  From  now  on,  the  discussion  is  restricted  to  a  set 

of  n  jobs,  J  =  {1,  2,  n} ,  released  either  at  rl  or  r2. 

Without  loss  of  generality,  we  assume  r1=0,  and  d(1)  <  d(2) 

<  ...  <  d (n)  . 

The  algorithm  for  the  problem  partitions  the  set  of 
jobs  into  two  subsets,  an  on-time  subset  and  a  subset  of 
late  jobs.  The  partition  produces  an  optimal  schedule  if 
the  jobs  in  the  on-time  subset  are  arranged  according  to  the 
D-schedule  (to  be  defined  in  Section  2.1),  and  are  followed 
by  the  jobs  in  the  second  set  in  any  order. 

In  Section  2. 1  ,  we  give  a  special  preemptive 
scheduling  algorithm  which  produces  an  on-time  schedule  for 
an  on-time  subset  cf  jobs.  We  also  prove  a  necessary  and 
sufficient  condition  for  a  subset  of  jobs  to  be  on-time.  In 
Section  2.2,  we  study  some  properties  of  on-time  subsets  of 
jobs  and  define  a  performance  measure  to  compare  two  on-time 
subsets.  We  will  use  the  results  from  Section  2. 2  and 
Section  2.3  to  determine  which  jobs  to  be  deleted  in  the 


.  j 
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case  where  some  jobs  must  be  late  in  the  schedule.  Finally, 
in  Section  2.4  we  discuss  the  basic  ideas  behind  the 
algorithm. 

2. 1  D-schedule  -  Definition  and  Properties 

We  first  define  a  special  preemptive  schedule  called  D- 
schedule  for  scheduling  the  jobs.  We  show  in  Lemma  2.1.2 
that  a  subset  S  of  jobs  is  on-time  if  and  only  if  S  is  on- 
time  when  its  jobs  are  executed  according  to  the  D-schedule. 
Based  on  this  result,  it  is  clear  that  the  search  for  an 
optimal  schedule  f cr  the  problem  can  be  restricted  to 
schedules  such  that  all  on-time  subsets  of  jobs  are  executed 
according  to  D-schedule.  We  then  give  a  necessary  and 
sufficient  condition  for  a  subset  of  jobs  to  be  on-time  in 
Theorem  2.1.3. 

Let 

El  and  E2  be  subsets  of  jobs  released  at  rl  and  r2 
respect ively. 

Then  the  union  of  El  and  E2  is  J, 

El  lj  E2  =  J  =  {1,  2,  . . .  ,  n}  . 

Definition  2.1.1 

A  D~schedule  of  a  subset  S  of  jobs  is  a  schedule  which 
satisfies  the  following  two  conditions  : 

(1)  All  jobs  in  SrlE1  (intersection  of  S  and  El)  are 


. 


' 


.  .  , 
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executed  according  to  the  order  of  non-decreasing 
deadlines.  If  d(i)=d(j)  and  i<j  then  Job  i  is  executed 
before  Job  j. 

(2)  All  jobs  in  S  (including,  if  any,  the  remaining  portion 
of  the  job  which  has  been  started  execution  before  r2 
but  not  yet  completed  at  r2)  scheduled  after  r2  are 
executed  according  to  the  order  of  non-decreasing 
deadlines.  If  d(i)=d(j)  and  i<j  then  Job  i  is  executed 
before  Job  j.  • 

According  to  condition  (1)  of  the  definition,  the  jobs 
scheduled  between  rl  and  r2  are  all  in  El  and  are  executed 
according  to  the  order  of  non-decreasing  deadlines.  If  all 
the  jobs  in  SnEl  can  be  completed  execution  by  r2,  then  the 
processor  is  idle  until  r2;  and  the  jobs  executed  after  r2 
will  be  all  in  Sn  E2.  If,  on  the  other  hand,  some  jobs  in 
SnEl  have  to  be  executed  after  r2,  a  job  in  El  may  be 
preempted  at  r2  and  the  remaining  portion  of  that  job 
together  with  all  the  jobs  left  behind  will  be  scheduled  for 
execution  after  r2  according  to  deadlines. 

Figure  2.  1.  1  illustrates  pictorially  the  D-schedule  of 
a  subset  S  of  jobs.  It  can  be  shown  that  the  D-schedule  of 
S  yields  the  earliest  possible  finishing  time  among  all 
schedules  of  S. 


The  following  lemma  is  used  to  prove  Lemma  2.1.2  which 
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Figure  2.1.1  :  D-schedule  of  a  Subset  S  of  Jobs 
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(c)  sum  t  ( j)  >  r2  ,  J*  is  not  preempted 
jSSn  21 


0 


jobs  in  S  n  2 1 


are  ordered  by  deadlines 
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only 
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(d)  sum  t(j)  >  r2  and  J*  is  preempted 
j€Sn  El 


Eigure  2.1.1  continued 
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states  that  a  subset  S  of  jobs  is  on-time  if  and  only  if  the 
D-schedule  of  S  is  on-time, 

Le mma  2.1.1  (Jackson  [7]) 

Let  S'  be  any  on-time  subset  of  jobs  released  at  the  same 
time.  If  the  jobs  in  S'  are  ordered  by  non- decreasing 
deadlines,  then  the  resulting  schedule  will  be  on-time.  » 

Lemma ^  2.1.2 

S  is  an  on-time  subset  of  jobs  if  and  only  if  the  D-schedule 
of  S  is  on-time. 

Proof 

(  <=  )  obvious. 

(  =>  ) 

Consider  an  on-time  schedule  (preemptive  or  non-preemptive) 
of  S  which  is  not  a  D-schedule.  An  on-time  D-schedule  of  S 
can  be  obtained  by  the  following  algorithm  : 

step  1.  rearrange  separately  the  jobs  (and  segments  of  the 
jobs)  scheduled  after  r2  and  those  scheduled 
between  rl  and  r2  by  non-decreasing  deadlines;  and 
combine  segments  of  the  same  job. 

step  2.  Let  J*  be  the  job  (or  a  segment  of  a  preempted  job) 
scheduled  just  before  r2;  and  J”  be  the  first  job 
(or  a  segment  of  a  preempted  job)  in  Sn  El 


scheduled  at  or  after  r2. 


. 
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If  d  (J  • )  <  d(J"),  or  if  d  ( J • )  =  d  (J")  and  J*  <  J" , 
STOP.  (The  schedule  is  a  D-schedule) .  Otherwise 
go  to  step  3. 

step  3.  Interchange  J*  and  J"  if  t(J')  =  t(JM)  otherwise 
interchange  the  smaller  job  with  an  equal  portion 
of  the  larger  job.  Return  to  step  1. 

The  algorithm  halts  after  a  finite  number  of  steps. 

By  Lemma  2.1.1,  step  1  will  result  in  an  on-time  schedule. 
The  job  interchange  is  illustrated  in  Figure  2. 1. 3  for  the 
case  where  t(Jn)  >  t(J').  The  figure  for  the  case  where 
t(J")  <  t(J')  is  similar  and  is  omitted.  Clearly,  all  jobs 
will  be  on-time  after  the  interchange.  Hence  the  above 
algorithm  produces  an  on-time  D-schedule  of  S.  ■ 

Based  on  Lemmam  2.1.2,  it  is  clear  that  the  search  for 
an  optimal  schedule  can  be  restricted  to  D-schedules. 

The  finishing  time  F(S)  of  the  D-schedule  of  a  non¬ 
empty  subset  S  of  jobs  is  the  time  by  which  all  jobs  in  S 
are  completed. 

F (S)  can  be  computed  by  the  following  equation. 


sum  t  ( j) 
j€S 


if  sum  t  ( j )  >  r2  or  SnS2  =  p 
j€SnEl 


F(S) 


r2  +  sum  t  (j)  if  sum 
j  €S  n  El  j€SnE1 


t  ( j)  <  r2  and  SnE2  *  $ 


» 


■ 
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0 


T - 

I 

I  Jf 
I 

J 


K 

I 

I 


I 

I 

I 


r2 


E2  — > 


jobs 

only 


J” 


I 

\ 

I 


(a)  Schedule  Before  Interchange 
d(J’)  >  d(J»);  or  d(J*)  =  d(J")  but  J  •  >  J” 


l< 

I 

1 

T - ' - 1 — 

1/  /  /I 
I  /J"/! 
1/  /  /I 

i - 1 — 


E2  — > 


jobs 

only 


T 


/  /I 
/  /I 


J* 


1 

I 

1 


0 


r2 


(b)  Schedule  After  Interchange 


Figure  2.1.3  :  Schedules  Before  and  After  Interchange 


for  the  case  t(J")  >  t(J«) 


— 
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The  idle  ti me  I(S)  of  the  D-schedule  of  a  non-empty 
subset  S  of  jobs  is  the  period  when  the  processor  remains 
idle.  When  all  the  El  jobs  in  S  complete  execution  before 
r2 ,  the  processor  will  remain  idle  until  r2  and  then  execute 
the  E2  jobs  in  S.  I(S)  can  be  computed  by  the  following 
equation. 

I  (S)  =  max[0,  r2-  sum  t  ( j )  }  • 

j€Srl  El 

We  say  that  S  has  idle  time  if  I (S)  >  0. 

Theorem  2.  1.  3 

S  =  {  1  ,  2,  •  •  m  f  p}  is  an  on-time  subset  of  jobs 
if  and  only  if 

F({1*  2,  •  ••,  i}  )  ^  d  (i)  i=1r  •••*  P« 

(N.B.  d  ( 1)  <  d{2)  <  ...  <  d  (p)  ) 

Proof 

(  <=  )  obvious. 

(  =>  ) 

The  proof  is  by  contradiction.  Assume  S  is  on-time 
but  F  (  {1  r  2*  ...,  i'})  >  d(i#)  for  some  1  <  i'  <  p. 

Then  in  the  D-schedule  of  {1,2,  »..,  i1}#  there  is  a  job, 
say  Job  j,  completed  after  d(i')r  in  other  words  after  d(j). 
This  contradicts  the  assumption  that  S  is  on-time.  » 


The  above  theorem  gives  a  necessary  and_suf f icient 


, 

'  . 1 
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condition  for  a  subset  of  jobs  to  be  on-time.  We  will  use 
this  condition  to  check  if  a  subset  of  the  jobs  is  on-time 
in  the  algorithm  to  be  presented  in  Chapter  III. 


2.2  Properties  of  On-time  Subsets  of  the  Same  Size 

In  Section  2.1,  we  have  derived  a  necessary  and 
sufficient  condition  for  a  subset  of  jobs  to  be  on-time. 

When  a  subset  S  of  jobs  fails  to  meet  the  condition  we  know 
that  there  does  not  exist  any  on-time  schedule  for  S.  In 
this  section  and  in  Section  2.3,  we  study  the  problem  of 
choosing  some  on-time  subsets  such  that  one  of  them  will 
later  guarantee  a  maximal  on-time  subset  for  the  set  of 
jobs,  J.  We  now  give  the  notion  of  'Late*  as  the 
performance  measure  for  comparing  two  on-time  subsets  Si  and 
S2.  From  now  on  let  us  assume  T  to  be  a  set  of  jobs  with 
deadlines  greater  than  or  equal  to  the  deadline  of  any  job 
in  S1«-JS2,  and  Tn  (S1*-JS2)  =  where  SI  and  S2  are  two  on- 
time  subsets  whose  performance  measures  are  to  be  compared. 

Definition  2.2.1 

Late[S]  is  the  minimum  number  of  late  jobs  of  S  among  all 
possible  schedules  of  S.  ■ 

A  maxi mal  or  optimal  on-time  subset  of  S  is  an  on-time 
subset  which  has  the  maximal  number  of  jobs. 


Our  goal  is  to  minimize  the  number  of  late  jobs; 
equivalently,  it  is  to  find  a  schedule  of  S  which  has 
Late[ S  ]  late  jobs,  i.e.  produces  a  maximal  on-time  subset  of 
S.  Of  course,  Late[S]  =  0  if  and  only  if  S  is  on-time.  We 
call  a  schedule  of  S  an  optimal  schedule  if  it  has  Late[ S  ] 
late  jobs. 

Definition  2.2.2 

SI  and  S2  are  two  on-time  subsets  of  jobs. 

SI  is  said  to  be  better , than  S2  (more  precisely,  "at  least 
as  good  as")  if,  for  any  T  as  described  above, 

|  S 1  t-J  T  1  -  Late[S1«-JT]  >  |  S2  «-*  T  |  -  Late[S2*-«T] 
or  equivalently, 

Lat e[  SI  LJ  T  ]  <  Late[  S2  «~*T  ]  +  |  S  1  J  -  |  S 2  1  ■ 

Thus,  to  search  for  an  optimal  on-time  subset  for  the 
problem  from  two  on-time  subsets  of  the  jobs,  one  can  just 
keep  the  better  subset  and  ignore  the  other.  Theorem  2.2.3 
and  Theorem  2.2.4  give  sufficient  conditions  for  one  on-time 
subset  to  be  better  than  the  other.  Before  we  state  the  two 
theorems,  we  first  prove  the  following  two  lemmas. 

Lemma  2. 2. 1 

Let  Si  and  S2  be  any  two  subsets  of  jobs  (not  necessarily 
on-time ) 

If 

sum  t  ( j)  <  sum  t  ( j) 
jesi  j€S2 
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and  F  (SI)  <  F  (S2)  , 

Then 

F  (SI  UT)  <  F(S2*-«T) 


Proof. 

If  SI  T  has  no  idle  time, 

F(SILJT)  =  sum  t(j) 

j6S1  ut 

<  sum  t  (j ) 
j€  S2  LJ  T 

<  F(S2»-JT)  . 

If  SI  LJ  T  has  idle  time  (the  idle  time  must  be  before  r2)  , 

F(SIljt)  =  r2  +  sum  t  ( j )  +  sum  t(j) 

j€S  1  n  E2  j€TrlE2 

=  F  ( S  1)  +  sum  t  ( j) 

j€T  n  E2 

<  F (S2)  +  sum  t  ( j) 

j€T ri  E2 

<  F  ( S  2  L  J  T )  .  * 

If  Si  and  S2  are  on-time  subsets  of  jobs  and  S2LJT  is 
also  on-time,  the  following  lemma  gives  sufficient 
conditions  for  S1LJT  to  be  on-time. 

Le mma  2.2.2 

Let  Si  and  S2  be  any  two  on-time  subsets  of  jobs  such  that 
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(1)  sum  t  ( j)  <  sum  t{j) 
j€S1  j€S2 

an  d 


(2)  F  (S 1 )  <  F  (S2)  . 

Then 


Late[  S2  LJ  T  ]  =0  =>  Late[S1«-JT]  =  0 


Proof. 

Without  loss  of  generality,  let 

T  =  {T1 ,  T2 ,  .  ,  Tk}  k  >  1. 

and  assume 

d  (T 1 )  <  d  (T  2)  <  ...  <  d  (Tk)  . 

If  Late[S2LJT]  =  0,  i.e.  S21-JT  is  on-time, 
by  Theorem  2.1.3,  for  any  i  <  k 
F(S2LJ  { T 1 ,  T2 ,  .  ..  ,  Ti}  )  <  d  (Ti)  . 

By  Lemma  2.  2.  1 , 

F(S1«-*{T1,  T2,  ...,  Ti})  <  F(S2LJ  {TI,  T2,  ...,  Ti}) 

<  d  (Ti)  . 

Hence  S1UT  is  on-time  or  Late[S1LJT]  =  0.  b 

The  following  two  theorems  give  sufficient  conditions 
for  Si  to  be  better  than  S 2,  where  SI  and  S2  differ  by  one 
job. 

Theorem  2.2.3 

"  ■■  * 1  1  —  ■  ■■  —  i 

Let  S,  SI  and  S2  be  on-time  subsets  of  jobs,  where 
SI  =  S*-«  {x} 


' 


. 


20 


and  S2  =  S«~*  {y}  , 

with  either  both  x,y  €  El  or  E2; 
or  (x  €  E 1  and  y  €  E2)  . 

If 

t(x)  <  t  (y)  (  i.e.  sum  t(j)  <  sum  t  (j)  ) 

j€S1  j€S2 

then 

Si  is  better  than  S2r 
i.e.  Late[S1«-*T]  <  Late[S2«-*T]  . 

Proof 

Suppose  Late[S2LJT]  =  v  and  the  late  jobs  are 


{Wl, 

w2 ,  . 

» *  •  r 

wv}  . 

Let 

A 1  = 

{wl , 

w2. 

.  .  .  ,  w  v }  f~j  S  2 

A2  = 

{Wl, 

w2. 

...,  wvjri-* 

A1LJA2  =  {wl,  w2,  ...,  wv)  (N.B.  A1  or  A2  may  be 

empty) , 

and  (S2*~,T)“  (A1LJA2)  is  on-time. 

Case  (i)  y  €  A 1 

Without  loss  of  generality  assume  y=w1. 

Clearly 

(S 1  «-i  T)  -  {x,  w2  ,. . .  ,  wv} 

=  { S2  LJ  T)  -  {y,w2,...  ,  wv} 
is  on-time. 

Therefore  LatefSl4--1!]  <  v  , 


s 
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Case  (ii)  y  -.6  A1 
Then 

51- Al  =  (S-A1)  lj  {x}  , 

5 2—  A 1  =  (S-A1)  {y}  . 

Since  t  (x)  <  t  (y) 

and  either  both  x,y  €  El  or  E2;  or  x  €  El  and  y  e  E2 
we  have 

F(Sl-AI)  <  F  ( S  2-  A  1 )  . 

Thus  (S 1-A1)  and  (S2-A1)  satisfy  the  conditions  of  Lemma 
2.2.2.  Hence  by  Lemma  2.2.2, 

Lat e[  (S2-A1)  lj  (T-A2)  ]  on-time 
=>  Late[  (SI -A1)  *-*  (T-A2)  ]  on-time. 

Therefore  Late[S1uT]  <  v  .  ■ 

Theorem  2.2.4 

Let  S,  SI  and  S2  be  on-time  subsets  of  jobs,  where 
SI  =  S*-«  {X}  , 
and  S2  =  £y}  , 

with  x  €  E2  and  y  €  El  and  y  is  the  largest  job  in 
S2n21  (i.e.  y  has  the  largest  execution  time 
amongst  the  jobs  in  S2nE1)  . 

If 

t  ( x)  <  t  (y)  (  i.e.  sum  t  ( j)  <  sum  t  ( j)  ) 

j€Sl  j€S2 


and 


F  (  S  1 )  <  F  ( S  2 ) 


' 


4 
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th  en 

Si  is  better  than  S2, 
i.  e.  Late[  S 1  LJ  T  ]  <  Late[  S2«-J  T  ]. 

Proof. 

Suppose  Late[S2LJT]  =  v  and  the  late  jobs  are 


{wl. 

w2  , 

•  •  •  / 

wv}  . 

Let 

A 1 

=  {wl 

,  w2. 

•  •  • 

,  wv} 

n  S2 , 

A2  = 

=  {wl 

,  w2. 

•  mm 

r  wv} 

n 

A 1  LJ  A2  = 

{wl. 

w2. 

•  .  •  , 

wv} 

(N.B.  A 1  or  A2  may  be 

empty) , 

an  d 

( S2 

LJ  T)  - 

(A1  LJ 

A2) 

is  on 

-time. 

Case  (i) 

y  e 

A 1 

Without  loss  of  generality  assume  y=w1. 
Clearly 

(SI  «~»T)  -  {x,  w2  ,.  .  .  ,wv} 

=  (S2*~«T)-  {y,w2,...  , w v} 
is  on-time. 

Therefore  Late[S1LJT]  <  v  . 

Case  (ii)  y  -»€  A1 
(a)  A 1  n  El  *  $ 

Let  y'  €  AlnEI. 

As  t(y')  <  t  (y) ,  from  Theorem  2.2.3  we  have 


. 


- 
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Late[  (S2- {y}  )  «-J  t  ]  <  Late[  (S2- {y  • } )  LJ  T  ] 

=  v-1. 


Since  SI  -  {x}  =  S2-{y}, 

Late[  (SI- {x}  )  <-J  T  ]  <  v-1 
=>  Lat e[  SI  *~<T]  <  v, 

(b)  A 1  n  E 1  =  #  (i.e.  A1  is  a  subset  of  E2) 

Consider  S1-A1  and  S2-A1. 

51- A1  =  (S-A1 )  u  {x}  r 

52- A1  =  (S-A1)  >-j  {y}  . 

sum  t(j)  <  sum  t(j)  (since  t  (x)  <  t  (y)  )  . 
jSSI-AI  j€S2-A1 

Since  A1  =  <J)  or  all  jobs  in  A1  are  E2  jobs; 
and  x  €  (S1-A1)  rl  E  2, 

F  (  S 1 )  <  F(S2) 

=>  F  (S1-A1)  <  F (S2-A1) . 

By  Lemma  2.  2.  2 , 

(S2-A1)  «-*  (T-A 2)  on-time 

=>  (S1-A1)  «-•  (T-A2)  on-time. 

Therefore  LatefSl^T]  <  v  . 

This  completes  the  proof.  ■ 

Both  Theorem  2.2.3  and  Theorem  2.2.4  give  sufficient 
conditions  for  one  on-time  subset  of  jobs  to  be  better  than 
the  other.  Hence  whenever  there  are  two  on-time  subsets  of 


~ 

> 

■ 


I 
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the  jobs  satisfying  the  conditions  of  either  one  of  these 
two  theorems  and  it  is  given  that  one  of  them  will  derive  an 
optimal  solution  for  the  problem,  we  can  restrict  the  search 
for  an  optimal  schedule  to  schedules  derived  from  the  better 
subset. 

Let  us  further  analyse  Theorem  2.2.3  and  Theorem  2.2.4  . 

SI  and  S2  are  two  on-time  subsets  which  differ  by  one  job. 
Let 

51  =  S«-*  {x}  , 

52  =  S*-J  {y}  for  some  subset  S  of  jobs. 

Consider  the  following  four  cases  for  the  pair  of  jobs  x  and 

y. 

(1)  x,  y  €  El 

(2)  x,  y  €  E2 

(3)  x  6  El,  y  €  E2 

(4)  x  6  E2,  y  €  El 

and  y  is  the  largest  the  job  in  S2r-|E1. 

Under  the  first  three  cases,  if  t  (x)  <  t(y),  by  Theorem 

2.  2.3  we  can  then  conclude  that  Si  is  better  than  S2. 

However  under  case  (4)  (the  case  considered  in  Theorem 
2.2.4),  it  may  happen  that  t  (x)  <  t(y)  but  F(S1)  >  F(S2). 
Under  such  a  case,  we  cannot  draw  any  conclusion  about  SI 
and  S2  but  have  to  retain  both  subsets  for  the  search  for  an 
optimal  solution.  An  example  of  this  is  given  below. 


' 
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Example  _2.2._1 


Job 

J1 

J2 

J3 

release 

time 

r(i) 

0 

0 

2 

executio 

n  time 

t  (i) 

1 

2 

1.5 

deadline 

d  (i) 

1 

3 

3.5 

S 1  = 

{1,3}  a 

nd  S2=  { 1 

,2}  are 

two 

on-time  subsets  of 

jobs.  In  this 

example. 

t  (3 )  < 

t  (2) 

but  F  (S 1 )  >  F(S2) 

Consider 

J4  : 

r  (4)  =0, 

t  (4)  =1 , 

d  (4) 

=  3.5 

Clearly 

Sl»-»  {4} 

is  on-time  but 

S2  «-* 

{4}  is  not. 

However 

with  J4 

:  r  (4) 

=  2,  t(«) 

IT) 

• 

O 

II 

,  d (4) =3. 5  , 

S2  u  {4}  is  on-time  but  Slu  {4}  is  not.  ■ 

2. 3  Properties  of  On-time  Subsets  of  Different  Sizes 

In  Section  2.2.,  we  have  studied  the  performance  of  two 
on-time  subsets  of  jobs  of  the  same  size  and  have  given  in 
Theorem  2.2.3  and  Theorem  2.2.4  sufficient  conditions  for 
one  subset  to  be  better  than  the  other.  In  this  section  we 
study  the  performance  of  two  on-time  subsets  of  different 
sizes.  We  give  sufficient  conditions  (in  Theorem  2.  3.  2)  for 
one  subset  to  be  better  than  the  other. 

The  following  lemma  tells  us  how  to  choose  a  job  to  be 
deleted  so  that  the  resulting  set  is  on-time.  It  will  be 
used  to  prove  Theorem  2.3.2  • 


ii, 

. 

. 
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Lemma  2,3.1 

Let  S  be  an  on-time  subset  of  jobs  and  let  k  be  a  job  not  in 
S  with  deadline  greater  than  or  equal  to  the  deadline  of  any 
job  of  S. 

Suppose  S u  {k}  is  not  on-time.  Then 

(a)  If  S LJ  {k}  -  {x}  is  on-time  for  some  x  e  (S'-1  {k}  )  nEl 
then  S*-1  {k}-{y}  is  on-time  for  all  y  €  S  «-*  {k}  with 
t  ( y)  >  t  (x) . 

(b)  If  S*-1  {k}  -  {x}  is  on-time  for  some  x  €  (Su  {k}  )  nE2 
then  S1-1  {k}-{y}  is  on-time  for  all  y  €  S'-1  {k}nE2  with 
t  (y)  >  t  (x)  . 

Proof 

Let 

S  *  =  SLJ  {k}  -{x,y}  , 

51  =  S*-*  {k}-{y}  =  S'  «-•  {x}  , 

5 2  =  S*~*  {k}-{x}  =  S'  *-J  {y}  . 

(a)  x  €  (S*~»  {k}  )  n  El 

t  (x)  <  t  (y)  and  x  6  El 

=> 

sum  t  (  j)  <  sum  t  ( j) 
j€Sl  j  €S2 

and  F  (SI)  <  F  (S2)  . 

By  Lemma  2.  2.  2  , 

S2  on-time  =>  Si  on-time. 


. 

. 


*  )  -  J  ^  r 
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(b)  x  €  (S«- J  {k})  r,  E2 

The  proof  is  similar  to  case  (a)  * 

Whenever  a  subset  S  of  the  jobs  is  on-time  except  the 
last  job  (the  job  with  the  latest  deadline) ,  one  can  either 
delete  cne  or  a  subset  of  jobs  from  S  to  make  the  resulting 
set  on-time.  It  is  shown  in  the  following  theorem  that 
deleting  one  single  job  will  always  result  in  a  better  set 
than  deleting  a  subset  of  jobs. 

Theorem  2.  3.  2 

Let  S  be  an  on-time  subset  of  jobs  and  let  k  be  a  job  not  in 
S  with  deadline  greater  than  or  equal  to  the  deadline  of  any 
job  of  S. 

Suppose  S  l-1  {k}  is  not  on-time. 

If  S LJ  {k} -X  is  on-time,  where  X  is  a  subset  of  su  {k}  and 
| X  |  >1  r  but  Su  {k}-X'  is  not  on-time  for  any  proper  subset  X' 
of  X;  and  S»-*  {k}-{y}  is  on- time,  where  y  is  the  largest  job 
in  either  (S^  {k})  nE1  or  (S  •-»  {k}  )  n  E2, 
then 

SLJ{k}-{y]  is  better  than  S^{k}-X 
i.  e.  Late[  (S  LJ  {k}  -  {y}  )  LJ  T  ]  < 

Late[  (S«-j  (k}-X)  *-*  T  ]  +  |X|  -  1  . 

Proof 

Let 

X  =  {xl,  x2 ,  ...,  xp}  ,  p>1. 


* 


Case(i)  y  €  El 

It  can  be  shown  by  contradiction  that 
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t(xi)  <  t  (y)  for  all  xi  €  X. 

If  not,  by  Lemma  2.3.1(a),  SLJ{k}-{xi)  would  be  on-time. 

This  contradicts  the  assumption  that  Su  {k}-X’  is  not  on- 
time  for  any  proper  subset  X'  of  X. 

Without  loss  of  generality  assume  xi  €  El  if  XrnE1  * 
otherwise  all  the  xi's  are  in  E2. 

Let 

S'  =  S»-J  {k}-{y  ,x1  ,x2,,.  ..  ,xp}  , 

51  =  {k} -{y,x2,..,  rxp}  =  S'^fxl] 

5 2  =  SLJ  {k} -{x1,x2,. . .  ,xp}  =  S»tj{y} 

(a)  If  xi  €  El  (i.e.  XnE1  *  <|>)  ,  from  Theorem  2.2.3,  we  have 

Late[  SI ‘-JT  ]  <  Late[S2»-JT]  . 

But 

Late[  (S«~«  {k}-  {y}  )  *-*  T  ]  <  Late[S1»-*T]  +  |X|  -  1 

<  Late[  S2 *-*  T  ]  +  \  X|  -  1 

<  Late[  (S  •--<  {k} -X)  •-»  T]  +  |X|  -  1  . 

(b)  If  all  jobs  in  X  are  E2  jobs. 

Since  t(xl)  <  t(y),  we  have 

sum  t  ( j)  <  sum  t  ( j) 
j€S 1  j€S2 


Consider 
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51  1  =  S*~*  {k}-  {y}  , 

52  *  =  Slj  {k}-  {xl}. 

SI*  on-time  but  S2'  not  on-time 
=>  F (SI  ')  <  F  (S2  ' )  • 

Since  all  the  xi's  are  E2  jobs,  we  have 
F  (  S 1)  <  F(S2). 

From  Theorem  2.2.4,  the  result  follows. 

Case  (ii)  y  €  E2 

(a)  XrnE2  #  <|>  (X  has  a  E2  job) 

The  proof  is  similar  to  Case  (i)  (a)  . 

(b)  XrlE2  =  <j>  (all  jobs  in  X  are  El  jobs) 

(S  u  {k} ) -X  is  on-time.  This  implies  that  there  are  some 

jobs  in  El  (or  the  remaining  portion  of  a  job  which  has  been 

preempted  at  r2)  scheduled  after  r2  when  S  *-j  {k}  is  arranged 
by  D-schedule. 

Let  xl  have  the  least  execution  time  amongst  the  jobs  in  X. 

S  LJ  {k}-  {xl}  does  not  result  in  an  idle  time  otherwise 
successive  deletion  of  El  jobs  will  never  produce  an  on-time 
set.  It  is  clear  that  t(xl)  <  t(y),  or  else  Su  {k}-{x1} 
would  be  on-time,  contradicting  the  assumption  that  S*-J{k}- 
X'  is  not  on-time  for  any  proper  subset  X'  of  X. 

S'  =  S«-J  {k} -{y,x1  ,x2,. . .  ,xp}  , 

SI  =  S'-*  {k}-{y,x2,...  ,xp}  =  S' lj  {xl}  xl  6  El, 


Let 


. 


(  * 


* 

,  . 


' 
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S 2  =  S«J  {k}  -fx1,x2,...  ,xp}  =  S'  «~»  {y}  y  €  E2. 

Since  xl  €  El  and  t(xl)  <  t  (y)  , 

from  Theorem  2.2.3,  the  result  immediately  follows. 

This  completes  the  proof.  « 

Hence  whenever  the  last  job  (the  job  with  the  latest 
deadline)  of  a  subset  S  of  jobs  fails  to  meet  its  deadline 
in  the  D-schedule,  we  need  only  to  consider  those  on-time 
subsets  which  result  from  deleting  one  single  job  from  S. 
Furthermore  by  Theorem  2.2.3,  it  is  sufficient  to  consider 
only  the  two  on-time  subsets  which  result  respectively  from 
deleting  the  largest  job  of  SnEl  and  SrnE2  (based  on  Lemma 
2.3.1  one  of  these  two  subsets  must  be  on-time)  because 
according  to  Theorem  2.2.3  they  are  respectively  better  than 
any  other  on-time  subset  resulting  from  deleting  some  other 
job  from  SnEl  and  SrnE2.  Moreover  by  Thoerem  2.2.3  or 
Theorem  2.2.4,  depending  on  which  subset  has  shorter 
execution  time,  one  of  these  two  subsets  can  be  eliminated 
if  they  satisfy  the  conditions  of  the  theorem. 

To  summarize,  from  the  subset  S,  one  can  reduce  the 
search  for  an  optimal  solution  to  at  most  two  on-time 
subsets  of  S  from  which  an  optimal  solution  of  the  problem 
may  be  found. 
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2. 4  Basic  Ideas  Behind  the_Algorithm 

We  now  discuss  briefly  how  the  algorithm  for  the  case 
of  two  release  times  works.  The  jobs  in  J  =  {1,2,...,n}  are 
scheduled  according  to  D-schedule.  Whenever  there  is  a  job 
failing  to  meet  its  deadline,  from  Lemma  2.1.1,  we  see  that 
no  matter  how  the  jobs  in  the  current  D-schedule  are 
arranged,  at  least  one  of  them  must  be  late.  Hence  a  job 
from  the  current  D-schedule  has  to  be  deleted.  In  the  case 
where  all  jobs  have  the  same  release  time,  Moore  [10]  has 
proved  that  deleting  the  job  with  the  largest  execution 
time,  or  the  largest  job  in  short,  is  sufficient  to 
guarantee  an  optimal  schedule.  However  in  our  model  there 
are  two  batches  of  jobs,  El  and  E2  released  at  rl  and  r2 
respectively.  One  may  think  of  deleting  the  largest  job 
from  El,  E2  or  from  the  set  of  jobs  that  have  been  scheduled 
so  far  will  be  a  sufficient  criterion.  Unfortunately  it 
turns  out  that  none  of  these  choices  guarantees  an  optimal 
schedule. 

Example  2.2.1  illustrates  that  the  choice  of  the  job  to 
be  deleted  depends  on  the  jobs  that  have  not  yet  been 
scheduled.  Thus  whenever  there  is  a  job  failing  to  meet  its 
deadline,  instead  of  considering  only  the  on-time  subset 
resulting  from  deleting  the  largest  job  from  either  El  or 
E2,  we  keep  both  on-time  subsets  resulting  from  deleting  the 
largest  job  from  El  and  E2  respectively.  In  Section  2.2  and 
Section  2.3  we  have  studied  why  it  is  sufficient  to  consider 
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only  these  two  on-time  subsets.  If  only  one  of  these  two 
subsets  is  on-time,  we  just  consider  the  on-time  one  in  the 
search  for  an  optimal  solution.  If  both  subsets  are  on-time 
and  they  satisfy  the  conditions  of  Theorem  2.2.3  or  Theorem 
2.2.4,  it  has  been  shown  that  one  of  these  two  on-time 
subsets  can  be  eliminated;  otherwise  we  have  to  keep  both 
subsets  in  the  search  for  an  optimal  schedule.  In  such  a 
case,  it  is  shown  in  Section  3.1  that  one  of  these  two  on- 
time  subsets  has  idle  time. 

For  each  of  the  on-time  subsets  (at  most  two)  as 
described  above,  we  carry  on  scheduling  the  rest  of  the 
jobs.  After  the  k-th  job  has  been  scheduled,  in  the  worst 
case,  it  seems  that  there  are  2**  (k-1)  cases.  However  all 
those  on-time  subsets  having  idle  times  are  shown  to  be  no 
better  than  a  particular  subset,  M  (k) ,  which  is  defined  in 
Section  3.1.  Such  subsets  can  be  replaced  by  M (k) ,  thus 
reducing  the  number  of  subsets  involved  in  the  search  for  an 
optimal  schedule  from  2**  (k-1)  to  k  in  the  worst  case. 

These  are  the  ideas  that  lead  to  a  polynomial  algorithm  for 


the  problem. 
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CHAPTER  III 

The  Optimal  Algorithm 

In  Chapter  II  we  showed  that  if  a  subset  S  of  the  jobs 
has  one  late  job,  then  the  search  for  an  optimal  solution 
for  the  problem  can  be  restricted  to  at  most  two  on-time 
subsets  of  S  obtained  respectively  by  deleting  the  largest 
job  from  SriE1  and  SnE2.  When  the  k-th  job  is  considered, 
in  the  worst  case  there  would  be  2**(k-1)  on-time  subsets 
involved  in  the  search  for  an  optimal  solution  for  the 
problem.  However  some  of  these  subsets  can  be  trimmed  off, 
thus  lowering  the  time  complexity  to  polynomial. 

In  Section  3.1,  we  show  how  some  of  these  on-time 
subsets  can  be  trimmed  off.  In  Section  3.2,  we  present  an 
0(n2  log  n)  algorithm  and  prove  its  correctness. 


3. 1  Trimming  of  On-time  Subsets  Having  Non-zero  Idle  Times 

Let  N  (k)  =  {1,  2,  ...,  k)  be  the  set  of  the  first  k 
jobs  of  J,  1<k<n.  Note  that  d  ( 1 )  <  d ( 2 )  <  ...  <  d (k) . 

Let  S  be  an  on-time  subset  of  N(k-1).  Suppose  S «-»  {k}  is  not 
on-time  and  suppose  SI  and  S2  are  the  on-time  subsets  of 
SLJ  {k}  obtained  respectively  by  deleting  the  largest  job 
from  (Su  {k})  nE1  and  (S  {k}  )  n  E2 .  The  following  lemma 
shows  that  if  SI  and  S2  do  not  satisfy  the  conditions  of 


. 


' 


. 
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Theorem  2.2.4  (in  such  a  case  we  cannot  tell  which  is 
better) ,  then  SI  has  idle  time  (defined  in  Section  2.1)  but 
S2  does  not. 

lemma  3.1.1 

Let  S  be  an  on-time  subset  of  N(k-1).  Suppose  S  *-*  {k}  is  not 
on -time . 

Let  x  and  y  be  jobs  such  that 

t(y)  =  max{t(j):  j€(S«-«  {k})  nEl], 
t(x)  =  max  {t  (j)  :  j€  (Slj  (k}  )  n  E2}. 

Let 

S'  =  su  {k}-{x,y}  . 

Suppose  both  Si  =  S,LJ  {x}  and  S2  =  S4^  {y}  are  on-time. 

(N.B.  From  Lemma  2.3.1,  one  of  these  two  subsets  must  be 
on-time) 

If 

sum  t(j)  <  sum  t(j)  (i.e.  t(x)  <  t(y)) 
j  6  S 1  j€S2 

but 

F  (  S 1 )  >  F  ( S  2) 

then  I  (SI)  >  0  but  I(S2)  =  0  . 

Proof 

51  =  S»-J  {k}-{y}  =  S*  *-j  {x}  x  6  E2, 

52  =  S»-J  {k}-{x}  =  S*  LJ  {y}  ye  El. 


Since  both  Si  and  S2  are  on-time  and  (S«~*{k})nE2  is  non- 


. 
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empty,  the  total  execution  time  of  the  jobs  in  (Su  {k}  )  nE1 
must  be  greater  than  r2  otherwise  S*~*{k}-{j)  could  not  be 
on-time  for  any  j  €  (S*-J  {k}  )  nE1. 

sum  t(j)  =  sum  t(j)  >  r2 

j€S2  n  E 1  j€(S«-J  {k}  ) 

=>  I  ( S2)  =  0. 

It  remains  to  show  I  (Si)  >  0. 

If  not,  I  (SI)  =0 

=>  F  (SI)  =  sum  t  (j) 

j€S  1 

<  sum  t  (j)  (since  t  (x)  <  t  (y) ) 

j€S  2 

=  F  (S 2)  (since  I  (S2)  =  0)  . 

This  contradicts  the  given  condition,  F(S1)  >  F(S2).  at 

Let  S  be  a  set  of  jobs  having  the  same  release  time  and 
S*  an  optimal  on-time  subset  of  S  obtained  by  Moore's 
algorithm  [10].  It  has  been  shown  in  Sidney  [11]  that  S* 
has  the  following  properties: 

(1)  S*  is  on-time. 

(2)  S*  has  maximal  number  of  jobs  among  all  on-time  subsets 
of  S. 

(3)  Su  ppose  0  is  a  subset  of  S*  of  size  g  obtained  by 
eliminating  those  JS*|-q  jobs  from  S*  which  have  largest 
execution  times  amongst  the  jobs  in  S*.  Then  U  is  an 
on-time  set  and  has  least  execution  time  among  all  on- 
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time  subsets  of  S  consisting  of  the  same  number  of  jobs. 

Let  M'  (k)  and  M”  (k)  be  respectively  the  optimal  on-time 
subsets  of  N(k)  nE1  and  N(k)  nE2  obtained  separately  by 
Moore's  algorithm  [10].  In  particular,  the  above  three 
properties  also  hold  for  M'  (k)  and  M"  (k)  . 

We  now  define  a  particular  on-time  subset  M (k)  of  N(k), 
with  non-zero  idle  time,  which  is  the  union  of  M"  (k)  and  a 
subset  of  M '  (k) . 

Suppose  Q'  (k)  is  a  subset  of  M'  (k)  obtained  by 
successively  eliminating  those  jobs  which  have  largest 
execution  times  amongst  the  jobs  in  M'(k)  until  the  total 
execution  time  of  Q'  (k)  is  just  less  than  r2. 

Let 

M  (k)  =  Q«  (k)  M"  (k) 

This  particular  subset  of  N  (k)  will  be  shown  in  Lemma  3.1.2 
to  be  better  than  any  other  on-time  subset  of  N(k)  with  non¬ 
zero  idle  time.  Thus  in  the  search  for  an  optimal  schedule, 
all  on-time  subsets  of  N  (k)  with  non-zero  idle  time  can  be 
replaced  by  M  (k)  • 

Lemma  3 _.  j.,2 

Let  S  be  an  on-time  subset  of  N(k)  such  that 

I  (S)  >  0  (i.e.  sum  t(j)  <  r2  ). 

j€SnS1 


Then 


I  '« J 

. 

t  i  *  .  ' 
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M(k)  is  better  than  S. 

i.e.  for  any  T,  Latef  M  (k)  *-*  T  ]  <  late[S«-iT]  +  |M(k)|  -  |S| 
Proofs 

M  (k)  =  Q*  (k)  *— *  MM  (k)  . 


To  simplify  the  notations,  let  us  denote  M (k) 


and 

M  1  (k) 

by  M, 

Q' 

,  M" 

and  M  * 

respectively 

Suppose  Late[S»~« 

T] 

=  V 

and  the  late  jobs  a 

{wl. 

w  2 ,  .  . 

•  / 

wv}  . 

let 

A 1  = 

{w  1 ,  • 

•  * 

,  wv} 

n  (Sn 

El) 

A  2  = 

{Wl,  . 

m  m 

,  wv} 

n  ( S  rn 

E  2) 

A3  = 

{w  1 ,  • 

m  m 

,  wv} 

n  T 

(N.  B. 

A 1 , 

A2 

or  A 

3  may 

be  empty) 

Q*  (k)  ,  M”  (k) 


Obviously, 

A 1  A2*-1  A3  =  {wl,  w2,  wv}. 


let 


51  =  Sn  El- A1  , 

52  =  SnE2-A2. 

Then 


S  «-J T-  {w  1  ,  ...,  wv}  =  S1*-JS2LJ  (T-A3)  is  on-time. 


We  are  going  to  ccnstruct  a  subset  L  of  M u  T  of  size 
(v  +  |  M|  —  |  S  | )  such  that  (M*— *T)— L  is  o  n—  time.  By  applying 
Property  (3)  to  M*  with  U=Q*  and  the  fact  that  total 
execution  time  of  Q*  is  just  less  than  r2,  and  also  the  fact 


<1  i  . 1  )  (I  *  ) 
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that  Sn  El  is  completed  before  r2,  we  have 

IQ*  |  >  | S  n  E 1  |  • 

By  Property  (2)  of  M",  we  have 

|M"j  >  | S n  E2 | • 

Let 

B'  be  the  subset  of  Q*  obtained  by  eliminating 
(IQ*I~|S1|)  jobs  from  Q*  which  have  largest  execution 
times  amongst  the  jobs  in  Q1  , 

B"  be  the  subset  of  M"  obtained  by  eliminating 
(|M"-|S2|)  jobs  from  M”  which  have  largest  execution 
times  amongst  the  jobs  in  M". 

Now  both  B'  and  SI  are  on-time  subsets  of  N(k)nE1  of  the 
same  size;  so  are  B"  and  S2  on-time  subsets  of  N  (k)  nE2  of 
the  same  size. 

By  Property  (3)  , 


sum  t(j)  < 
j€B 1 


sum  t  ( j) 
j€Sl 


and 


sum  t  ( j)  < 
jeB" 


sum  t(j) 
jes2 


Clearly 


sum 

j€B'  B" 


t(j)  <  sum  t(j) 
j€S1  S2 


and 


F  (B '  *-*B")  <  F  (SI*-*  S2) 


By  Lemma  2.  2.  2 


(S1LJS2)LJ  (T-A3)  on-time 
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=>  (b»  ub")  lj  (T-A3)  on-time. 

The  total  number  of  jobs  which  have  been  eliminated  from 
M  LJ  T  in  the  construction  of  (B ■  LJBM)  *-j  (T-A3)  is 

(IQ*  I-IS1  |)  +  ( | M ” | - | S  2 | )  +  | A3  I 

=  (I  Q*  I -I  Sn  E1-A1  I  )  +  (|  M”  |  -|  Sn  E2-A2  | )  +|A  3\ 

=  |  M  |  -  j  S  |  +  v. 


Therefore 

Lat  e[  M  (k)  *-*T]  <  Late[  S  T  ]  +  I  M(k)  |  -  j  S|  . 


3. 2  The  Algorithm  and  Its  Correctness 

At  each  iteration,  the  algorithm  keeps  "all”  on-time 
subsets  which  are  potential  subsets  of  an  optimal  solution 
of  the  problem. 

It  is  assumed  that  for  each  Job  j, 

r(j)  +  t  ( j)  <  d(j)  where  r(j)  =  rl  or  r2,  rl  <  r2. 

If  this  were  not  the  case,  the  problem  size  can  be  reduced 
by  eliminating  those  jobs  that  cannot  be  completed  on  time 
regardless  of  the  sequence. 

Let  C{k)  be  the  set  of  on-time  subsets  obtained  after 
iteration  k  of  the  algorithm. 

The  algorithm  proceeds  as  follows. 

(Recall  the  jobs  {1,2,...,n}  are  already  ordered  by 


rc  : 
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deadlines) 


Step  1. 

Set  C  (i)  =  <|>,  i=0,1,...,n;  and  k  =  1  . 

Step  2. 

If  k  =  n+1,  stop.  The  largest  element  in  the  set 

C(n)  is  an  optimal  solution. 

Step  3. 

For  each  element  W  in  C(k-1)  DO 

If  F(W«-J{k})  >  d  (k)  ,  then 

begin 

Let 

x  and  y  be  jobs  such  that 

t(y)  =  max{t  (j)  :  {k}  )  nEl}, 

t  (x)  =  max  {t  ( j)  :  j€  (tf  {k}  )  n  E2]  . 

Let 

S  =  W  LJ  {k}  -  {x  ,  y]  . 

If  both  subsets  S*-1  {x}  and  S  *-j  {y}  are  on-time, 

then 

begin 

Let  C  be  the  subset  with  shorter 

finishing  time 

(If  both  subsets  have  the  same  finishing 

time,  choose  the  one  with  shorter 

execution  time.  If  they  have  the  same 

execution  time  as  well,  choose  S^Cy}); 

If  C  has  no  idle  time,  add  C  to  C (k) ; 

end 


1 
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else  if  the  on-time  subset  has  no  idle  time, 
add  it  to  C (k) ; 


end 

else  if  8U  {k}  has  no  idle  time,  add  it  to  C(k), 
Step  4.  Add  M  (k)  to  C  (k) . 

Step  5.  Increment  k  by  1.  Return  to  step  2. 


The  following,  theorem  shows  the  correctness  of  the 
algorithm. 

Theorem  3.2.1 

At  the  end  of  iteration  k  of  the  algorithm,  the  set  C(k)  has 
the  following  properties: 

(1)  There  exists  W  €  C  (k)  such  that  W  has  maximal  number  of 
jobs  among  all  on-time  subsets  of  N  (k) . 

(2)  For  any  set  T  of  jobs  with  deadlines  >  deadline  of  any 
job  in  N  (k)  and  TrlN(k)  =  <(>,  there  exists  €  C(k)  such 
that  the  size  of  an  optimal  on-time  subset  of  W'*-1! 
equals  to  that  of  Nfk)1-1!, 

i.e.  Lat e[  W '  LJ T  ]  +  k  -  |  W  ■  |  =  Lat e[  N  (k)  UT], 


Proof  :  (induction  on  k) 


* 
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The  conclusions  are  true  for  k  =  1,  2. 

Assume  the  conclusions  are  true  for  C(1),  C(2),  . .., 
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C  (k-1)  . 

Conclusion  ( 1)  . 

The  maximal  size  of  all  on-time  subsets  of  N  (k)  is 
k-Late[  N  (k)  ].  By  the  induction  assumption,  there  exists  W* 

€  C(k-1)  such  that 

Late[W'u{k}]  +  (k-1)  -  |W'|  =  Late[  N  (k-1)  «-»  {k}  ] 

=  Lat e[  N  (k)  ]  .  -  (1) 

The  number  of  late  jobs  of  W'  *•-*  {k}  will  be  either  0  or 
1r  since  W*  is  on-time.  The  resultant  set  C  is  either 
W,LJ{k}  or  w 1  *~Mk}  -  {r}  for  some  r  6  W,LJ{k},  depending  on 
whether  or  not  W*  {k}  is  on-time.  C  will  have  maximal 
number  of  jobs  among  all  on-time  subsets  of  N(k)  according 
to  equality  (1). 

Note  that  if  1(C)  =0,  C  6  C  (k)  .  If,  on  the  other 
hand,  1(C)  >  0,  then  by  the  property  of  M  (k)  (Lemma  3.1.2), 
M(k)  €  C  (k)  will  have  the  maximal  number  of  jobs. 

(Actually,  the  size  of  M  (k)  and  C  are  equal  when  1(C)  >0). 
Hence,  steps  3  and  4  of  the  algorithm  will  produce  a  maximal 
on-time  set. 

Conclusion  (2) . 

Consider  in  particular  the  set 
T  1  =  {k}  LJ  T, 

By  the  induction  assumption,  for  this  T»,  there  exists 
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W*  e  C(k-1)  such  that 

Late[  W  •  LJT*  ]  +  (k-1)  -  JW«  |  =  Late[  N  (k-1 )  «-*  T  •  ]  , 

=>  Late[  W*  *-j  {k}  ljt]  +  (k-1)  -  |W*| 

=  Late[  N  (k)  lj  t  ] 


Case  (i)  W '  {k}  is  on-time 

If  V!  •  u  {k}  has  no  idle  time, 
then 

W*  LJ  {k}  €  C(k)  (by  step  3  of  the  algorithm)  . 
From  equation  (2)  ,we  have 

Late[  W  1  {k}  «-J  T  ]  +  k  -  |w*Li{k}l 

=  Late[  (W*  lj  {k}  )  ljt]  +  (k-1)  -  |W»| 

=  Lat  e[  N  (k)  cj  T]. 

If  w  *  «-»  {k}  has  idle  time, 
then 

M(k)  €  C  (k)  is  better  than  »,u  {k}  ,  (by  Lemma  3.1.2). 
Therefore 

Late[  M  (k)  «-*  T  ]  <  Late[  (W*  LJ  {k})  ljt]  +  |  M  (k)  |  -  |W  <-*  {k} 
Fearranging  we  have 

\ 

Late[  M  (k)  ljt  J  -  |M  (k)  |  +  jW,*-«{k}|  <  Latef  W*  *-*  {k}  «-« T ]. 
Substituting  into  equation  (2) ,  we  have 

Late[M(k)  ljt]  -  |M(k)|  +  |W*«~*{k}|  +  (k-1)  -  |W'| 


(2) 


’  I  - 
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<  Late[  N  (k)  ljt  ] 

=>  Lat e[  M  (k)  LJ  T  ]  +  k  -  j  M  (k)  j  <  Late[  N  (k)  «-» T  ] 

But 

Late[M  (k)  «-«  T]  +  k  -  |M(k)|  >  Late[  N  (k)  LJ  T  ] 
therefore 

La  te[  M  (k)  UT]  +  k  -  I  M  (k)  |  =  Late[  N  (k)  «-*  T  ]  . 

Hence  when  W' ^  {k}  is  on-time,  there  exists  an  on-time 
subset  in  C(k)  ,  which  is  either  W,LJ  {k}  or  M  (k)  ,  satisfying 
Condition  (2)  of  the  theorem. 

Case  (ii)  W  *-J  {k}  is  not  on-time 

Then  step  3  of  the  algorithm  will  produce  an  on-time  subset 
C  of  W 9  *-*  {k}  consisting  of  |W*  u  {k}  |-1  jobs.  By  Theorem 
2. 3.2,  C  is  better  than  any  on-time  subset  which  result  from 
deleting  more  than  one  jcb  from  W,*~|{k}, 

Using  the  same  notations  as  the  algorithm,  from  step  3, 
we  have, 
either 

(a)  only  one  of  the  subsets  S*-*  {x}  ,  x  €  E2 ;  and  S •— *  {y}  ,  y  e 
El  is  on-time. 

Let 

C  =  S1-1  {x}  or  su  {y}  ,  depending  on  which  one  is  on- 

time. 


In  this  case,  C  has  the  least  execution  time  as  well  as 


. 

[:  V  - 
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the  least  finishing  time  among  all  on-time  subsets  of 
W*Lj{k}  consisting  of  the  same  number  of  jobs.  By  Theorem 
2.2.3,  C  is  better  than  any  on-time  subset  of  W  1  «-J  {k} 
consisting  of  the  same  number  of  jobs. 

Thus 

Late[  (W 1  lj  {k}  )  «-i  t  ]  =  Late[  C  LJ  T  ]  +  1  . 

From  Equation  (2)  we  have 

Late[  C  LJ  T  ]  +  1  +  (k-1)  -  |W*|  =  Late[  N  (k)  LJ  T  ] 

=>  LatefCUT]  +  k  -  |C|  =  Late[  N  (k)  «-J  T]. 

Furthermore,  if  C  has  no  idle  time  then  C  €  C(k). 

This  yields  the  desired  result. 

However,  if  C  has  an  idle  time,  then  M(k)  €  C(k)  is 
better  than  C  (by  Lemma  3.1.2).  By  the  same  technique  as  in 
Case  (i) ,  we  can  show  that  M(k)  satisfies  Condition  (2), 

i.  e. 

Late[  M  (k)  *-*  T  ]  ♦  k  -  |  M  (k)  |  =  Late[  N  (k )  LJ  T  ]  . 

We  remark  that  C  is  in  fact  as  good  as  M (k) . 

or 

(b)  Both  subsets  S «-*  {x}  ,  x  €  E2;  and  S  «-j  {y}  f  y  e  El  are  on- 
time. 

Then  step  3  of  the  algorithm  will  give  the  subset  C  which 
has  least  finishing  time  among  all  on-time  subsets  of 
W*  li  {k}  consisting  of  the  same  number  of  jobs. 


< 


:  "  ,  . 
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C  =  S*-1  {r}  where  r  =  y  or  x. 

If  r  =  x  (x  6  E2) ,  then  C  has  the  least  execution  time  as 
well.  Applying  the  same  method  as  (a) ,  we  have 

Lat€[CuT]  +  k-  |  C  I  =  Late[  N  (k)  LJ  T  ] 

(if  I  (C)  =  0  and  so  C  €  C  (k)  ) 
or 

Lat e[  M  (k)  ut]  +  k  -  |  M  (k)  |  =  Late[  N  (k)  UT] 

(if  I  (C)  >  0)  . 

If  r  =  y  (y  €  El)  , 

and  if  t  (y)  <  t(x),  then 

C  again  has  the  least  execution  time.  The  same 
technigue  applies  here  and  the  result  follows. 

Otherwise  (when  t  (y)  >  t  (x)  )  let 
C«  =  s«-j  {x}  x  €  E2. 

By  Theorem  2.2.3,  C*  and  C  are  respectively  better 
than  any  on-time  subset  which  result  from  deleting 
a  El  and  a  E2  job  from  f? '  {k} . 

Since  t  (y)  >  t  (x)  and  C  has  the  least  finishing 
time,  we  have, 

sum  t(j)  <  sum  t(j) 

jec*  jec 

but  F (C  1  )  >  F (C)  • 

By  Lemma  3.1.1,  C*  has  idle  time  but  C  does  not. 


c 
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This  implies  that  C  belongs  to  C(k). 

From  Lemma  3.1.2,  M(k)  is  better  than  C’.  Thus  we 
have, 

Late[  M  (k)  «-J  t] 

Late[W»u  {k}  uT]  =  1  +  min  {  } 

Late[  C  «-*T  ] 

where  M  (k)  and  C  €  C  (k)  . 

By  a  similar  technique  to  that  used  in  (a) ,  we  can 
show  that  either  C  or  M(k)  satisfies  Condition  (2) 
of  the  theorem. 

This  completes  the  proof.  ■ 

3. 3  Complexity  of  the  Algorithm 

The  data  structures  to  facilitate  the  constructions  of 
C(k)  are  heaps  [1].  A  heap  is  a  particular  binary  tree  with 
the  largest  element  at  the  root.  A  heap  of  k  nodes  can  be 

built  in  0(k)  time;  it  can  also  be  updated  in  0  (log  k)  time 

upon  deletion  of  the  root  or  insertion  of  a  new  node. 

For  each  element  W  in  C(k),  a  pair  of  heaps  is 

maintained;  each  node  is  a  job  and  its  position  in  the  heap 

is  determined  by  its  execution  time.  One  heap  is  for  the 
set  of  El  jobs  in  W  and  the  other  for  the  set  of  E2  jobs  in 
W.  An  information  triple  is  stored  for  each  W.  They  are 
F ( fl) ,  total  execution  time  of  El  jobs  in  W,  and  |ft|. 


Consider  iteration  k,  at  step  3,  there  are  |C(k-1)|  < 


. 
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k-1  iterations.  For  each  element  W  in  C(k-1),  it  requires 
updating  the  pair  of  heaps  of  W  and  the  information  triple. 
These  can  be  done  in  0  (log  k)  time;  and  so  step  3  takes 
0(k  log  k)  time.  Other  steps  clearly  take  no  more  than 
0(k  log  k)  time. 

There  are  n  iterations.  Therefore  the  time  complexity 
of  the  algorithm  is  of  order 
n 

sum  (k  log  k)  or  0 (n2  log  n)  time. 
k=1  ■ 
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Chapter  IV 

Particular  Cases  and  Heuristic  Algorithm 

We  have  found  an  optimal  algorithm  for  the  case  of  two 
release  times.  We  shall  try  to  solve  the  very  hard  problem 
of  m  release  times,  where  m  <  n.  (n  is  the  number  of  jobs) • 

In  this  chapter  we  study  the  problem  for  the  case  of 

arbitrary  release  times.  In  Section  4.1  we  outline  the 
general  model  and  define  the  D-schedule  for  the  general 
case.  In  Section  4.2  we  study  a  particular  case  where  the 
subset  cf  jobs  released  at  times  later  than  the  earliest 
release  time  is  given  on-time  and  we  present  an  0  (n  log  n) 
optimal  algorithm  to  schedule  these  jobs.  We  further  extend 
this  algorithm  in  Section  4.3  to  a  heuristic  algorithm  for 
the  case  of  arbitrary  release  times  and  show  that  the  number 

of  late  jobs  produced  by  this  heuristic  algorithm  is  no  more 

than  m  times  the  optimal.  We  also  construct  an  example 
which  achieves  the  bound  for  m=2. 

4.  1  General  Model 

Consider  a  set  of  jobs  J  =  {1,  2,  ... r  n}  with 
arbitrary  release  times  r(i),  i=1,2,...,  n. 

Let  m  be  the  number  of  distinct  release  times,  m  <  n; 

rl,  r2,  ...,  rm  be  the  m  distinct  release  times; 
and  Ei  be  the  subset  of  jobs  released  at  ri,  1  <  i  <m. 


1  t  E  >V^  '"ii  %B  /k>£(iv 
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Without  loss  of  generality,  we  assume 

r  1  <  r2  <  • ..  <rm 
and  d  ( 1)  <  d  (2)  <  ...  <  d  (n)  . 

In  analogy  to  the  case  of  two  release  times,  we  have 
the  following  definition  of  D-schedule  for  m  release  times. 

Definition  4.1.1 

A  D-schedule  of  a  subset  S  of  J  is  a  schedule  which 
satisfies  the  following  conditions. 

(1)  All  jobs  in  SrlEi  are  executed  according  to  the  order  of 
non-decreasing  deadlines,  for  i=1,  ... ,  m.  If  d(i)  = 
d(j)  and  i  <  j  then  Job  i  is  executed  before  Job  j. 

(2)  The  jobs  (including , if  any,  the  remaining  portions  of 
jobs  which  have  been  preempted  at  some  release  times) 
scheduled  between  any  two  release  times  are  executed 
according  to  the  order  of  non-decreasing  deadlines.  If 
d(i)  =  d(j)  and  i  <  j  then  Job  i  is  executed  before 
Job  j.  ■ 

Let  S  be  a  subset  of  J  (not  necessarily  on-time)  with 
the  latest  job  released  at  time  rp  (1  <  p  <  m)  .  The 
finishing  time  F(S)  of  the  D-schedule  of  S  can  be  computed 
by  the  following  eguation. 

P 

F  (S)  =  sum  t  ( j)  +  sum  Ij  (S)  -  (1) 

jes  j=2 

where  I j  (S)  is  the  idle  period  right  before  rj  (Figure 
4.1.1)  when  S  is  arranged  by  D-schedule.  I j  (S)  is  non-zero 


'  I*  i 
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A  D-schedule  for  m  Release  Times 
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if  all  the  jobs  with  release  times  earlier  than  rj  are 
completed  execution  before  rj.  They  can  be  computed  by  the 
following  formulas. 

II  (S)  =  0 

j-1 

Ij  (S)  =  max{0,  rj  -  (  sum  t  ( j)  +  sum  li(S))} 

j6Sn[  El  LJ  E  j  1  ]  i=  1 

where  j*=j-1  ■ 

It  can  be  shown  that  Lemma  2.1.2  and  Theorem  2.1.3  of 
Chapter  2  are  also  true  for  the  case  of  m  release  times.  We 
now  restate  them  for  the  general  case  here. 

Lemma  4.1.1 

S  is  an  on-time  subset  of  J  if  and  only  if  the  D-schedule  of 
S  is  on-time. 

Theorem  4.  1.  2 

S  =  {1,2,  ...,  p}  is  an  on-time  subset  of  J 
if  and  only  if 

F  (  { T ,  2,  ...,  i]  )  -  d  (i)  i  =  1 ,  •••,  p» 

(  N.B.  d  (1)  <  d  (2)  <  ...  <  d  (p)  ) 

4. 2  An  Optimal  Case 

Consider  a  particular  case  where  the  subset  cf  jobs 
released  at  times  later  than  rl  is  given  on-time.  i.e. 

E2  E3  LJ  •  •  •  *-*  Em  is  on-time.  A  simple  algorithm  of  deleting 
the  largest  job  whenever  a  subset  of  jobs  is  not  on-time 
will  produce  an  optimal  on-time  subset. 


« 
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Ke  first  present  the  algorithm  and  then  prove  it  to  be 
correct  in  Theorem  4,2.1, 

Al gorit hm- 1  (recall  the  jobs  are  already  ordered  by 

deadlines) 

step  1.  Set  C  (0)  =  $  and  k  =  1, 

step  2.  If  k=n+1,  stop.  C (n)  is  an  optimal  set. 
step  3.  If  F(C(k-1)u  {k})  <  d(k)  set  C  (k)  =  C  (k-1)  «-*  {k} 

otherwise  let  x  be  a  job  such  that 
t  (x)  =  max{t(j):  je  C  (k-1 )  *-*  {k}  } 
and  set  C  (k)  =  C  (k-1)  «-*  {k}  -  {x}  . 
step  4.  Increment  k  by  1,  "Return  to  step  2.  ■ 

Algorithm-1  is  analogous  to  that  of  Sidney  [11],  It  is 
an  0(n  log  n)  algorithm  if  data  structures  similar  to  those 
for  the  algorithm  cf  Chapter  3  are  used. 

Theorem  4.2.1 

Let  N(k)  =  {1,  2,  ...,  k}  be  the  set  of  the  first  k  jobs  of 
J,  k>1.  (N.B.  J  is  already  ordered  by  non-decreasing 

deadlines).  At  the  end  of  iteration  k  of  Algorithm- 1,  the 
set  C  (k)  has  the  following  properties  : 

(1)  C(k)  is  on-time. 

(2)  C(k)  has  maximal  number  of  jobs  among  all  on-time 
subsets  of  N  (k) . 

(3)  Suppose  tf  is  a  subset  of  C(k)  of  size  q  obtained  by 
eliminating  those  |C(k)|-q  jobs  from  C (k)  which  have 
largest  executioE  time  amongst  the  jobs  in  C(k).  Then  W 


.  ' 
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is  an  on-time  set  and  has  least  execution  time  among  all 
on-time  subsets  of  N (k)  consisting  of  the  same  number  of 
jobs. 

(  The  statement  of  this  theorem  is  analogous  to  the  one  in 
Si  dney  [11]). 

Proof  (by  induction  on  k) 

The  conclusions  are  true  for  k=1. 

Assume  the  conclusions  are  true  for  1 ,  2,  ..,  k-1. 

Conclusion  111 

(i)  F(C(k-1)  «-»  (k)  )  <  d(k). 

By  Theorem  4.1.2r  C  (k)  =  C(k-1)«-J{k}  is  on-time. 

(ii)  F(C(k-1)  lj  {k})  >  d  (k)  • 

If  x=k  in  step  3  of  Algorithm-1,  then  C  (k)  =  C(k-1)  is  on- 
time. 

Otherwise  C(k)  =  C  (k-1 )  «-*  {k} -  {x}  • 

If  the  D-schedule  of  C(k)  has  idle  times,  then  by  the  fact 
that  E2*-1  ...  uEm  is  on-time,  it  can  be  shown  easily  that 
C(k)  is  on-time. 

else  F  (C  (k) )  =  sum  t(j)  =  sum  t(j)  +  t(k)  -  t  (x) 

jec(k)  jec(k-i) 

<  sum  t(j) 

jec  (k-i) 

<  F  (C  (k- 1 )  ) 

<  d  (k-1) 

<  d  (k)  • 

and  every  job  in  C(k-1)-{r)  will  be  completed  at  least  as 
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early  as  before. 

Hence  C  (k)  is  on-time. 

Conclusion  ±2]_ 

By  induction  assumptions,  the  maximal  number  of  jobs  among 
all  on-time  subsets  of  N  (k)  will  be  either  |C(k-1)  |  or 
|C  (k-1)  1  +  1. 

If  some  maximal  on-time  subset  V  of  N  (k)  does  consist 
of  JC  (k-1) J  +  1  elements,  then  V  must  contain  job  k.  Hence  an 
on-time  subset  V  of  N  (k)  consisting  of  f  C  (k—  1)  |  +  1  elements 
exists  if  and  only  if  there  exists  an  on-time  subset  V*  of 
N(k-1)  consisting  of  | C  (k— 1 )  |  elements  having  the  property 
that  F(V*  «-»  {k})  <  d  (k)  . 

By  the  induction  assumptions  on  C{k-1),  it  can  be  proved 
that  such  a  V*  exists  if  and  only  if  F  (C  (k-1)  «-*  {k}  )  <  d  (k)  • 
Hence  C (k)  defined  at  step  3  of  Algorithm-1  is  maximal. 

Conclusion  m 

Observe  that  C(k)  =  C  f  k—  1 )  «— •  {k}  if  C(k-1)i-<{k}  is  on-time. 
Otherwise,  C (k)  consists  of  |C(k-1)|  smallest  jobs  of 
C  (k-1 )  «-*  {k}. 

Furthermore  Conclusion  (3)  of  this  theorem  defines  W  to  be 
that  subset  of  C(k)  consisting  of  q  smallest  jobs  in  C (k)  . 
These  observations  yield  the  desired  result.  ■ 


. 

.  :■ 


56 


4. 3  Heuristic  Algorithm 

We  have  just  shown  that  Algorithm-1  gives  an  optimal 
on-time  subset  for  the  particular  case  where  the  subset  of 
jobs  released  at  times  later  than  the  earliest  release  times 
is  given  on-time.  Making  use  of  Algorithm-1  ,  we  now 
present  a  heuristic  algorithm  for  the  general  problem  of 
arbitrary  release  times  (the  model  of  Section  4.1).  The 
number  of  late  jobs  produced  by  this  heuristic  algorithm  is 
no  more  than  m  times  the  optimal. 

The  heuristic  algorithm  first  applies  Algorithm-1  on  Em 
to  find  an  on-time  subset  and  then  iteratively  (j=m-1  to  1 
step  -1)  applies  Algorithm- 1  on  Ej  and  the  on-time  subset  of 
the  jobs  released  after  rj  which  is  obtained  in  the  previous 
iteration.  « 

The  heuristic  algorithm  is  of  0  (mn  log  n)  since 
Algorithm  1  can  be  implemented  in  0  (n  log  n)  time. 

At  each  iteration,  Algorithm-1  works  on  a  subset  of  J. 
By  Theorem  4.2.1,  it  produces  a  maximal  on-time  subset  for 
the  set  of  jobs  it  works  on.  Clearly  it  gives  no  more  than 
Late[  J  ]  late  jobs  at  each  iteration.  There  are  altogether  m 
iterations,  therefore  the  number  of  late  jobs  given  by  the 
heuristic  algorithm  is  not  more  than  m*Late[J].  * 

We  claim  that  the  bound  is  the  lowest  possible  for  m=2. 
Consider  the  following  example  for  m=2  with  r1=0  and  r2=1. 
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where 

E2  (2v  jobs  with  r(i)=1) 

job 


1 

2 

3 

4  ...  2 j-1 

2 j  ...  2v 

t(i) 

P 

P+1 

2p 

j-1 

2p+ 1  ...  2  *p 

j-1 

2  *p+1  ... 

d(i) 

P+1 

2p+  1 

3p  +  1 

j 

5p+1  ...  (2  -1 ) *p+  1 

j-1 

(3*2  -1)*p+1... 

j  —  1^  2 1  •••/  v« 

p  is  an  integer  >  v  +  1 


II  (v  jobs  with  r(i)  =  0) 


1 

2 

job 

3  ... 

j 

t(i) 

P-1 

P-1 

2p- 1  ... 

j-2 

2  *  p-  1  . . . 

d(i) 

P 

3p 

7p  ... 

j 

(2  -1) *p 

j=2,  3, 

. .  .  $  v . 

. 
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The  heuristic  algorithm  first  applies  Algorithm-1  on  E2 
to  find  an  optimal  on-time  subset  E2*  for  E2  and  then 
applies  Algorithm- 1  on  El1-*  E2*  to  find  an  optimal  on-time 
subset  for  E1*-*E2*. 

The  finishing  time  of  the  first  k  odd  numbered  jobs  of  E2 
is  : 


k  k  j-1 

1  +  sum  t(2j-1)  =  1  +  p*  sum  2 
j=1  j=1 


k 

=  (2  -1)*p  +  1 


=  d  (2k- 1 )  k=1 , 


v. 


The  finishing  time  of  the  first  k  odd  numbered  jobs  and  the 

next  even  numbered  job  of  E2  is  : 

k  k  k-1 

1  +  sum  t  (2  j- 1 )  +  t  (2k)  =  (2  -1)*p  +  1  +  (2  *p  +  1) 

j=1 


k-1 

=  ( 3*2  -1)*p  +  2 


>  d  (2k) 


k=1 ,  .  .  -  ,  v. 


Algorithm-1  will  delete  the  largest  job  which  is  the  (2k) th 
job  of  E2-  Eventually  Algorithm-1  will  produce  an  optimal 
on-time  subset 

E2*  =  {odd  numbered  jobs  of  E2} . 


« 
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Similarly  it  can  be  shown  that  the  optimal  on-time 
subset  of  E1LIE2*  produced  by  Algorithm-1  is  exactly  El. 
The  total  number  of  late  jobs  given  by  the  heuristic 
algorithm  is  2v. 

Eut  El {  even  numbered  jobs  of  E2  }  is  an  optimal  on-time 
subset  for  E1‘-JE2  and  the  optimal  number  of  late  jobs  for 
the  problem  is  v. 

Thus  the  number  of  late  jobs  given  by  the  heuristic 
algorithm  is  exactly  twice  the  optimal. 
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CHAPTER  V 

Conclusion 

This  thesis  deals  with  the  problem  of  scheduling  a  set 
of  jobs  with  given  execution  times,  release  times  and 
deadlines  in  order  to  minimize  the  number  of  late  jobs, 

Moore  [10]  has  found  a  simple  algorithm  for  the  problem  on 
one  processor  with  jobs  released  at  the  same  time. 
Unfortunately,  the  problem  becomes  rather  involved  when  the 
job  release  times  are  different. 

In  the  thesis,  we  have  analysed  the  problem  for  two 
batches  of  jobs  of  different  release  times  in  great  detail. 
We  have  proved  in  Appendix  A  that  the  problem  is  NP-complete 
when  preemption  is  not  allowed.  The  algorithm  presented  in 
Chapter  III  has  been  shown  to  produce  an  optimal  preemptive 
schedule  in  0 (n2  log  n)  time.  A  more  efficient  optimal 
preemptive  algorithm  of  time  complexity  0 (n  log  n)  has  been 
found  for  a  particular  case,  where  the  jobs  released  at 
times  later  than  the  earliest  release  time  is  given  on-time. 
A  heuristic  algorithm  for  the  problem  with  m  release  times 
has  also  been  presented,  where  m  is  less  than  or  equal  to 
the  size  of  the  problem.  It  has  been  proved  that  the  number 
of  late  jobs  produced  by  this  algorithm  is  no  more  than  m 
times  the  optimal.  The  bound  of  the  heuristic  algorithm  for 
m=2  has  been  shown  to  be  the  lowest  possible.  In  addition. 


. 
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we  have  defined  a  special  schedule,  the  D-schedule,  which 
gives  an  on-time  schedule  whenever  one  exists. 

Whether  the  problem  for  m  release  times  is  NP-complete 
when  preemption  is  allowed,  is  still  unknown.  However,  it 
is  hoped  that  the  optimal  algorithm  given  in  Chapter  III  can 
be  generalized  to  the  case  of  m  release  times. 


■ 
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Appendix  A 

In  showing  the  NP-Ccmpleteness  result,  we  shall  make 
use  of  the  following  known  NP-Complete  problem. 

Partition  :  A  multiset  S  =  {a(1),  a  (2),  a  (n) }  is  said 

to  have  a  partition  if  there  exists  a  subset,  u,  of  the 

n 

indices  {1,2,...,n}  such  that  sum  a  (i)  =  (  sum  a  (i)  )/2  . 

i€u  i=1 

The  partition  problem  is  that  of  determining  for  an 
arbitrary  multiset  S  whether  it  has  a  partition.  The  a(i)  *s 
may  be  assumed  to  be  integers. 

Theorem  A 

For  a  given  set  of  jobs  with  arbitrary  execution  times  t(i), 
arbitrary  deadlines  d (i)  and  release  times  r(i)=r1  or  r2 
where  r1<r2,  the  problem  of  determining  whether  there  exists 
an  on-time  non-preempti ve  schedule  on  a  single  processor  is 
NP-complete. 

Proof  : 

The  problem  belongs  to  NP  [6].  We  shall  give  a  reduction  of 
the  PARTITION  problem  to  it.  From  the  partition  problem 
S  =  {a(1),  a  (2),  . ..,  a  (n)  }  construct  the  following  non- 
preemptive  scheduling  problem  with  n+1  jobs  : 

Job  i  :  r  (i)  =0 ,  t(i)=a(i),  d(i)=A+1  ;  1<i<n 

Job  n+1  :  r(n+1)=A/2,  t(n+1)=1. 


d  (n+1)  =A/2  +  1 


%  *  *  •  »  %  IO.  * 
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where  A  is  the  sum  of  all  a  (i)  '  s. 

Clearly  this  scheduling  problem  can  be  constructed  in 
polynomial  time.  We  now  show  that  there  exists  an  on-time 
non-pr eemptiv e  schedule  if  and  only  if  S  has  a  partition. 

(a)  If  S  has  a  partition  u  then  there  is  an  on-time  non- 
preemptive  schedule.  One  such  schedule  is  shown  in 
Figure  A. 

(b)  To  prove  the  other  direction,  suppose  there  is  an  on- 
time  non- preemptive  schedule.  It  is  easy  to  see  that  in  any 
on-time  schedule.  Job  n+1  must  be  scheduled  at  time  A/2,  and 
the  schedule  cannot  have  idle  time.  Therefore  we  can  let 
the  set  u  from  the  partition  problem  be  the  set  of  indices 
of  the  jobs  that  are  scheduled  before  time  A/2  or  after  time 
(A/2  +  1)  . 


■ 
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Figure  A  :  Partition  of  Jobs  -  A  Non-preemptive  Schedule 
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